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Soliton solutions in D = 10 superstring theories and D = 11 supergravity support an
idea that ve known D = 10 superstrings are in fact ve dierent points of an unique
M -theory [1]-[4]. In this context it is interesting to understand whether an existence of
soliton solutions is a privilege of eective superstring theories or D = 11 supergravity.
For this purpose it is useful to have a list of soliton solutions in D-dimensional theory





























,  is a dilaton. In general, the elds
F and  are linear combinations of a large variety of gauge elds and scalars.
The aim of this paper is to present a systematic description of a class of soliton
solutions in higher dimensional gravity coupled with matter. This class describes multi-
soliton composite p-brane solutions. Elementary p-brane solutions have been found years
ego [5]-[9] (see also [10]-[13]). The recent microscopic interpretation of the Bekenstein-
hawking entropy within string theory [15]-[17] has stimulated an investigation of p-brane
solutions [18]-[37]. Composite p-brane solutions for D = 11 and D = 10 have been
obtained recently [18, 20, 19]. We will also search for an universal higher dimensional
(higher then D=11) theory which has p-brane solutions that after dimension reduction
could produce all known D = 11 and D = 10 p-brane solutions.
To get a wide class of composite p-brane solutions with non-zero electric and magnetic
charges in theory (1.1) we will use an algebraic method [29, 33, 37], which permits to
reduce the problem of nding solutions to an algebraic problem.
We will describe the class of solutions with a N +2-blocks metric and a gauge eld A




















































is a at Minkowski metric, ,  run from 0 to q   1, m
i
runs from 1 to r
i
, 
runs from 1 to s+ 2 and






+ s+ 2; (1.4)
In (1.3) A, B and F
i
are functions of x.






) we will introduce an electric
(magnetic) incidence matrix. The incidence matrix, say the electric incidence matrix, is
an rectangular N  E matrix,
 = (
ai
); a = 1; :::E; i = 1; :::N; (1.5)
2
which rows correspond to independent branches of electric gauge eld and columns refer
to the number of the blocks in the metric (1.3). The entries of the incidence matrix are
equal to 0 or 1. Field congurations A
(E)
a











































are some functions of x-variables, a = 1; : : : ; E.


























































































are arbitrary harmonic functions of x-variables and the incindence matrix





















= 0; a 6= a
0
: (1.10)
Note that the characteristic equations (1.10) generalize a characteristic algebraic equation























In the case when electric and magnetic components of the d-form gauge eld are









































































































are arbitrary harmonic functions of x-variables, a = 1; ::; E, b = 1; ::;M ,















































= 0; a = 1; :::E; b = 1; ::M (1.14)
The characteristic equations admit solutions only for quantized values of scalar cou-
pling parameters that is in accordance with [29, 30, 37]. Note that the case when  = 0
(D=11 supergravity) p-brane solutions are given by the above formula with  = 0. These
equations are very restrictive since they must be solved for integers and they admit non-
trivial solutions only for special D. The selectedD are the same as for the "ower" ansatz
[37]. In particular, they are D = 10; 11; 18; 20; 26.
For the case of two (k) gauge elds we will introduce four (2k) incidence matrices
and the corresponding expressions for metric will be very similar (see eqs.(3.23) below).
The corresponding incidence matrix will satisfy to relations similar to (1.10), (1.13) and
(1.14).
The algebraic method [29, 33, 37] can be also used for nding solutions with depending
harmonic functions. In particular, one can consider a generalized dyonic ansatz that





, i = 1; :::E. This construction gives in D = 11 a new dyonic
solution with regular horizon and non-zero entropy.
The paper is organized as follows. In Section 2 we present soliton solutions for the
theory (1.1) with one d-form eld with dilaton and in Section 3 we present soliton solutions
for a theory with two antisymmetric elds and dilaton. Both sections start from general
considerations and are concluded by some examples. There one can also nd relations
with known solutions. In section 4 we collect some examples of solutions of the form































and the metric has the form (1.3).
For the d-form we are going to consider a class of ansatzes corresponding to E electric
and M magnetic charges. Each ansatz we will connect with two rectangular matrices

ai
; a = 1::E; i = 1::N and 
bi
; b = 1::M; i = 1::N with the following properties:
1) 
ai
= 1 or 0;
1') 
bi
= 1 or 0;
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if s = 1; q = 1
















































































We will refer to the dierent terms in (2.1) and (2.2) as to the dierent branches of








































































































































































































































































































All others components are zero. Note that we assume 3) and 3') to guarantee the diagonal
form of the energy-momentum tensor.








































































If we assume the following "no-force" conditions












= 0; a = 1::E (2.14)












= 0; b = 1::M (2.15)
the form of T
MN











































































































































where t and u are given by (1.9).


























] = 0 (2.19)


























, b = 1; :::M are harmonic functions.




























































































But now we have to guarantee relations (2.3), (2.14), (2.15) and non-diagonal part of
(2.18). Let us analyze these conditions step by step.




















































































where  is given by equation (1.9).
7







































that are nothing but conditions (1.10) and (1.14) mentioned in the Introduction.




































































































that is nothing but (1.13). The relation (2.34) coincides with (2.31).
Substituting (2.22){(2.25) in (2.3) one can check that equation (2.3) is fullled. Indeed,
a contribution of terms containing C
a






























































































D   2   d
D   2








(d  q)) = 0;














































































































(d  s)) = 0:
Non-diagonal part of the Einstein equations gives ve types of relations. One type












































that is satised due to the requirement 4) and relation (2.29).







































that holds due to (1.10).













































and takes place due to 4') and (2.35)



































  u) + st
2
= 0;
that is equivalent to (1.13).





























  u)  stu = 0: (2.37)




(D   2)   d
2










so the requirement (2.37) is nothing but (1.14).


































































































































This representation of the metric is convenient for calculating the entropy. The hole




are not singularities when
1)all harmonic functions have the equal number of centers k and x
1c

















4)q = 1 or
4')q = 2 and s(E +M)   2 = s





































and L is a period of all y
n
, n = 1; ::;D   s   3. To get non-trivial entropy for q = 2 one




























































To describe particular examples of the general solution (1.12) it is convenient to present




by special tables with E (or M) rows and N + 2
columns (additional two columns correspond to subspaces of M with dimensions q and s,
briey q-column and s-column). If 
ai
= 1 we put r
i
symbols 'Æ' in an appropriate cell
of the table. If 
bi
= 1 we draw r
i
symbols '' in a corresponding place of the table. Also
we draw 'Æ' and '' in q-columns and s-columns, respectively. We will not consider here
the cases with E +M = 1.
2.2.1 D = 11, d-form and  = 0
First we will investigate the case D = 11 and  = 0
1) "electric" ansatz.

















= 0; a 6= a
0
(2.44)




































































































































































































Note that the solutions presented in these tables correspond to "maximal" congura-
tion in the sense that apart from the ansatzes presented by the above tables one can also
consider ansatzes which can be obtained by deleting some rows of our matrices, but these
solutions have zero area of the horizon.
The solution (2.45) has been discussed in [20, 37], the solution (2.48) was considered
in [24].
2) "magnetic" ansatz.

















= 0; b 6= b
0
; (2.50)












































































































































































These solutions are dual to the 'electric' ones.
3)"electric" + "magnetic" ansatz.
















Our strategy in nding solutions of (2.44), (2.50) and (2.55) is very simple. We take tables
corresponding to electric and magnetic ansatzes and try to put on the corresponding
congurations of the elds the additional condition (2.55). One can check that we cannot
combine the maximal ansatz presented by (2.45) (or (2.48)) with maximalmagnetic ansatz
corresponding to (2.51) (or (2.53)), but we can combine a part of table (2.45) with a part
12
of table (2.51) as well as a part of table (2.48) with a part of table (2.53) as it is presented





































































































































































































































The solution (2.56) has been constructed in [24] and it is dual to (2.58).
2.2.2 D=10, d-form and  6= 0.
1)"electric" ansatz.




















= 0; a 6= a
0
;































































All centers of harmonic functions are points of singularity.
e e e e

























































The area of horizon is equal to zero.
e e e e
e e e e
e e e e
e e e e







































































































This solution was discussed in [30].
e e e e e
e e e e e
e e e e e



































































The area of horizon is equal to zero.
2) "magnetic" ansatz.




















= 0 b 6= b
0

























































































































































































































































u u u u
u


























































This metric has singularities in the centers of U
b
The solutions (2.65),(2.66),(2.67) and (2.69) are dual to (2.64),(2.61),(2.62) and (2.60)
respectively.




































































































































d = 4;  = 
p






































In this case q = 3, therefore the entropy is zero.
e e e e e
















































































































2.2.3 D=18, d-form, and  = 0
Let us demonstrate our method in the complicated case D = 18. For simplicity we
consider only the 'electric' ansatz.
e e e e
e e e e
e e e e
e e e e
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e e e e e e e e
e e e e e e e e
e e e e e e e e
e e e e e e e e
e e e e e e e e
d=8,  = 0, q=1, s=1
e e e e e e e e
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In this solution q = 3, the area of horizon is zero.
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We will follow the same strategy of nding solutions as before. For simplicity let
us present the main steps of calculations only for pure 'electric' eld but write only the














; a = 1::E
1
; i = 1::N , 
(2)
bi
; b = 1::E
2
; i = 1::N , which apart the properties 1), 2), 3)























  q for all a;

























































-form are very similar
except that in the exponent corresponding to the d
2
-eld new parameter  enters instead
of  .
"No-force" conditions in this case have the form














= 0; i = 1::E
1
(3.4)














= 0; i = 1::E
2
(3.5)

















Having in our disposal these expressions the equation of motion for the dilaton as
well as the Einstein equations (apart from the non-diagonal part for -components can







































































































































































Having the formulae (3.6), (3.7) and (3.8) one can immediate verify that the relation
(2.3) holds.
In the same way as it has been done in Section 2 one can nd that consistency con-












































































































One can check that if these conditions are satised then the rest of the Einstein
equations are hold. Introducing the notations  = 
(1)
;  = 
(2)

































g = 0; I; J = 1; 2 (3.18)


















































































































In the most general case with electric and magnetic elds we have additional restrictions














































































; I = 1; 2 (3.22)


















































































































































































Note that in the case of one dilaton eld and an arbitrary number of d
I
-forms, I =
1; ::; S, requirements on 2S incidence matrices are also given by (3.18), (3.20) and (3.21)
with I; J = 1; ::; S and corresponding metric is an obvious generalization of (3.23).




We present below only solutions with at list two branches fot both elds. There are more
solutions with one branch for earch eld.
1) "electric" ansatzes.



































= 6, q=2, s=1
d
1
























































































































































and corresponding solutions are
d
1
= 3, q=1, s=1
d
2

















































































































































































e e e e e e
d
1




























































































e e e e
d
1
= 6, q=1, s=1
d
2



























































































e e e e e e
u u u u u u
d
1
= 3, q=1, s=1
d
2
























































































Now we will investigate the case D = 10 with two elds.
1) "electric" ansatz.
























where all values are integer. Therefore there are following types of solutions.
e e e
e e e
e e ee e
e e ee e



































































































































There are many solutions with two eldes when each of them has only one electric or


























































Centers of harmonic functions are singularities. A family of such solutions was discussed
in [31]
























where all values are integer. Therefore there are three types of solutions.
u u u
uu u
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which are not in-
dependent. We are not going to present a general consideration since it is straightforward





. Let us consider the theory (1.1) with  = 0, 'electric' + 'magnetic' ansatz with equal




. Substituting expressions for A; B; and F
i
in










































+ 1 = 0 (4.40)









































































  s = 0 (4.44)
where a
0
6= a. Note that there is no explicit dependence on D in the conditions (4.43),
(4.44).
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u u u u
d = 4;  = 0; q = 1; s = 1






















































































This solution was discussed in [24].
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